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Introduction

T HE main problem in the control design for a large � exible
structure is the modeling error arising from truncating the

original in� nite-dimensional model and from the lack of accurate
knowledgeof the parameters.1 Several strategieshavebeen reported
to overcome the instability problem resulting from the modeling
uncertainty.2 Recently, a Riccati equation-based robust control law
has also been proposed to treat the problem.3 To synthesizethe con-
trol law, one needs to solve Lyapunov and Riccati matrix equations.
Traditionally, these equations are solved using a variety of numeri-
cal algorithms.However,carryingout these algorithmsis admittedly
time consuming even with high-speed computers. Thus, most algo-
rithms are not appropriate for on-line operation. It has been pointed
out that the time delaycausedby solvingthe algebraicmatrix Riccati
equationon line may deteriorate the performanceof an adaptive lin-
ear quadratic system signi� cantly.4 This Note presents a real-time
solution to the robust control law proposed in Ref. 3 using recurrent
neural networks. This allows an on-line implementationwith faster
adaptivity than the traditional sequential numeric algorithms.

Robust Control for Flexible Structures
Typical large� exible structuresareusuallydescribedin themodal

space by

Pxc D Ac xc C Bcu; Pxr D Ar xr C Br u

y D Cc xc C Cr xr

(1)

where xc , xr , u, and y are, respectively, the 2n-dimensional con-
trolledmodestate, the residualmodestate, thev-dimensionalcontrol
vector,and the8-dimensionaloutputvector.The followingobserver-
based controller is extensively adopted to control the preceding
plant:

POx c D Ac Oxc C Bcu C K c.y ¡ Cc Oxc/; u D ¡Gc Oxc (2)

where Gc and Kc are, respectively, the regulator and observer gain
matrices.It has beenknown that control for the truncatedmodelmay
lead to control and observation spillover that can induce spillover
instability.

Assume that the upper bound for the residual dynamics is esti-
mated as

Cr . j! I ¡ Ar /
¡1 Br 1

· ® (3)
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where k¢k1 is the H -in� nity norm. A suitable robust control law
with respect to the perturbation can be obtained by solving the fol-
lowing algebraic matrix Riccati and Lyapunov equations3:

AT
c Xg C Xg Ac ¡ Xg Bc BT

c Xg < 0 (4)

AT
c X e C X e Ac ¡ ¯2C T

c Cc < 0 (5)

where ¯ D 1=®. Once the matrix solutions X e and Xg are deter-
mined, the regulator gain matrix is given by

Gc D BT
c Xg (6)

and theobservergainmatrix is determinedfromthe followingmatrix
identity:

.X e ¡ Xg/Kc D ¯2CT
c (7)

We will assume in the following that the actual values of Ac , Bc ,
and Cc have been obtained from an identi� er.

Recurrent Neural Networks Solving
for Matrix Equations

Let the system of linear matrix equations be described as

G.X / D 0 (8)

where X 2 Rp £ q is the solutionmatrix, and G 2 Rr £ s is a matrix of
functions of X named as the objective function matrix. To solve the
problemusing recurrentneuralnetworks, the � rst step is to construct
an appropriate computation energy function

E[G.X/] D
r

i D 1

s

j D 1

ei j [gi j .X /] (9)

where gi j .¢/, i D 1; : : : ; r , and j D 1; : : : ; s are the elementsof G.¢/.
The following functions are the common choices for E.¢/:

ei j [gi j .X /] D 1
2
g2

i j .X/; jgi j .X/j; cosh[gi j .X/] (10)

The neural dynamics solving for standard linear matrix equations is
proposed in Ref. 5:

dxi j

dt
D ¡´

r

k D 1

s

l D 1

@gkl [X .t/]

@xi j
fkl fgkl [X .t/]g

i D 1; : : : ; p; j D 1; : : : ; q (11)

where ´ > 0 is the learning rate and fkl.gkl / D @ekl =@gkl . The map-
ping fkl .¢/ can be interpretedas an activationfunction.For example,
if ekl .gkl / D jgkl j, then fkl .gkl / D sgn.gkl /. Obviously, this is a hard
limiting type of activation functions with the activation input gkl . It
is straightforward to show that the system of differential equations
(11) is asymptotically stable and its steady-state matrix represents
the solution matrix.5
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We may show that Eq. (11) is basically a standard result of the
gradient algorithm; i.e., every element in the solution matrix is to
be changed in the direction of the negative gradient of E :

dX .t/

dt
D ¡´

@E

@ X
D ¡´

&

666666$

@E

@x11
¢ ¢ ¢ @ E

@x1q

:::
: : :

:::

@E

@xp1
¢ ¢ ¢ @ E

@x pq

’

777777%
(12)

The architecture of the recurrent neural network solving for linear
matrix equationsconsistsof severalbidirectionallyconnectedlayers
of neurons. Elements of the solution matrix X are presented on the
synaptic weights.

Neural Networks Solving for Robust Control Law
We now extend the result of Eq. (12) to solve the algebraicmatrix

Riccati equation (4) and the Lyapunov equation (5). For Eq. (4),
de� ne the objective function matrix

AT
c Xg C Xg Ac ¡ Xg Bc BT

c Xg C Q1 D [g1i j .X g/]

i; j D 1; : : : ; 2n (13)

where the given matrix Q1 D QT
1 > 0. A Riccati equation has many

solutions. However, if the equation has a symmetric positive def-
inite solution, then it is unique. Suppose that there is a positive
de� nite solution to Eq. (13). To avoid the solution obtained con-
verging to the one that is not positive de� nite, it is suggested to
introduce an additional constraint as

Xg D R1 RT
1 (14)

where R1 is some nonsingularmatrix.6 The correspondingobjective
function matrix is

Xg ¡ R1 RT
1 D [g2i j .Xg ; R1/]; i; j D 1; : : : ; 2n (15)

To solve Xg , we de� ne the computation energy

E1[G.Xg ; R1/] D 1
2

2n

i D 1

2n

j D 1

g2
1i j .Xg/ C g2

2i j .Xg; R1/

Using Eq. (12), we can derive the following neural dynamic
equations7:

dXg

dt
D ¡´g Ac ¡ Bc BT

c Xg F1.Xg/

C F1.Xg/ Ac ¡ Bc BT
c Xg

T C F2.Xg; R1/ (16a)

dR1

dt
D ´r1 F2.Xg; R1/R1 (16b)

where the learning rates ´g , ´r1 > 0, and the linear activation func-
tion matrices

F1.Xg/ D F1 AT
c Xg C Xg Ac ¡ Xg Bc BT

c Xg C Q1 (17a)

F2.Xg ; R1/ D F2 Xg ¡ R1 RT
1 (17b)

i.e., each element of F1;2.¢/ has the unit gain. Once X g is generated,
the regulator gain is obtained as

Gc D BT
c Xg (18)

For Eq. (5), we de� ne the objective function

AT
c Xe C X e Ac ¡ ¯2C T

c Cc C Q2 D [g3i j .X e/]

i; j D 1; : : : ; 2n (19)

where Q2 D QT
2 > 0 is a given matrix. The observer gain matrix is

determined via

Xh Kc D ¯2CT
c

where Xh D X e ¡Xg . To ensure that theobservergain Kc is solvable,
Xh is restricted to be positive de� nite. Because Xe and X g are real
symmetric matrices, there must exist some nonsingular matrix R2

such that

Xe ¡ Xg D R2 RT
2 (20)

To avoid Xh becoming singular during the transient phase, Eq. (20)
will be imposed as an additional constraint. Now let

X e ¡ Xg ¡ R2 RT
2 D [g4i j .Xe; R2/]; i; j D 1; : : : ; 2n (21)

The computation energy is de� ned as

E2[G.Xe; R2/] D 1
2

2n

i D 1

2n

j D 1

g2
3i j .Xe/ C g2

4i j .Xe; R2/

The corresponding neural dynamics solving for X e and R2 can be
obtained as follows:

dX e

dt
D ¡´e Ac F3.Xe/ C F3.Xe/AT

c C F4.Xe; R2/ (22a)

dR2

dt
D ´r2 F4.Xe; R2/R2 (22b)

where ´e , ´r 2 > 0 and

F3.Xe/ D F3 AT
c Xe C Xe Ac ¡ ¯2C T

c Cc C Q2 (23a)

F4.Xe; R2/ D F4 Xe ¡ Xg ¡ R2 RT
2 (23b)

The matrix Xh is then determined from Xh D X e ¡ Xg .
In the preceding, Q1;2 can be set as "1;2 I where "1;2 > 0 are the

tuning parameters. By changing "1;2 , one obtains different X e and
Xg . This will assign the nominal regulator and observer poles to
different locations on the complex plane.

To obtain the observer gain Kc , let

Xh Kc ¡ ¯2C T
c D [g5i j .Kc/]

i D 1; : : : ; 2n; j D 1; : : : ; z (24)

and the computation energy

E3[G.Kc/] D 1

2

2n

i D 1

z

j D 1

g2
5i j .Kc/

The neural dynamics solving for Kc is given by

dKc

dt
D ¡´k Xh F5.Kc/ (25)

where

F5.Kc/ D F5 Xh Kc ¡ ¯2C T
c (26)

Note that we haveused a recurrentneuralnetwork to � nd Kc instead
of directly solving for the inverse matrix X¡1

h and executing the
calculation ¯2 X¡1

h C T D Kc .
The architecture of the proposed networks consists of two bidi-

rectionally connected layers. Equations (17), (23), and (26) act as
the hidden layers, Eqs. (16), (22), and (25) as the output layers.
Hidden layers perform a functional transformation.They calculate
and propagatethe objectivefunctionmatrices throughthe activation
functions Fi .¢/. The matrices Q1, ¡¯2C T

c Cc C Q2 , and ¡¯2C T
c act

as the biasing thresholds adding to the hidden layers (17a), (23a),
and (26), respectively. For the network (17), Ac and Bc are the in-
puts, and Xg and R1 constitutethe synapticweights.For the network
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(23), Ac and X g are the inputs, and X e and R2 constitute the synap-
tic weights. As for the network (26), Xh acts as the unique input.
All output layers perform integral transformations.There are no bi-
ases in the output layers. Solutions xgi j , r1i j , xei j , r2i j , and kci j are
presented on the linking weights of the networks. During training,
elementsof the initialweights R1.0/ and R2.0/ and initial activation
function matrices F1.¢/ ¡ F5.¢/ are set as small random numbers.
Because Eqs. (16), (22), and (25) possess a stable feature, if the
update gains are chosen suf� ciently large, the desired control and
observer gains will reach steady states in � nite time.

Note that there are 2n £ 2n dynamic equations needed to be
solved in Eq. (16a) or Eq. (22a). However, nearly half the compu-
tations are redundant because Q1;2 are constrained to be symmetric
positivede� nite.Thus, thenetworkfor solvingEq. (16a)orEq. (22a)
can be further reduced to 2n £ .2n C 1/=2 pairs.

The overall system will reach steady state after the neural net-
works converge. The gain Gc reaches steady state while the net-
work (16) converges. The gain Kc will also reach steady state after
the networks (16), (22), and (25) settle. Because G c is uniquely
determined by Xg , it will converge faster than Kc. The gain Kc

reaches its steady value after X g , Xe , and R2 converge. To ensure
the steadystatesof Xg and Xh beingpositivede� nite,we require that
R1 and R2 converge faster than Xg and Xh . The learning rates may
be arranged in the order ´r2 ¸ ´e ¸ ´r1 ¸ ´g . However, the optimal
choice usually depends on the problem being solved. These gains
may be needed to chooseexperimentally.The satisfactorygain´g is,
in general, selected at � rst; ´e;r 1;2 are then determined. The optimal

Fig. 1 Transition of the
control gain.

Fig. 2 Transition of the
observer gain.

Fig. 3 Responses of controlled and uncontrolled beam de� ections.

´k is determined at last. Larger values of ´ result in a more rapid
convergence, but it may overshoot the solution or cause numerical
instability.Thus in an aim to speed up the minimumseeking,careful
selection of these gains should be done.

Simulation Result
To demonstrateour proposedresult,we choose the standardbeam

model8 as the control object. Let the � rst-order mode act as the
controlled mode, the second- and third-order modes be residual
modes. The nominal damping ratio ³n is assumed to be 0.01. For
the model, the perturbation upper bound ® is 0.048. We set the
initial nominal positionstate to one and set other states to zeros.The
matrices Q1 and Q2 are chosenas Q1 D 58:45I2 and Q2 D 155:85I2.
These were found to give good performance and robust stability for
the nominal controlledsubsystemsbut are not claimed to be optimal
in any sense. Learning rates ´r1 D ´g D 2000, ´r 2 D ´e D 3500, and
´k D 150 were selected for numerical simulation.

To examine the adaptive qualities of the neural network, we let
the damping ratio vary as follows: ³1 D 0:8³n for 0.05 · t < 0:1,
³2 D 1:2³n for 0.1 · t < 0:15, and ³ D ³n , otherwise.Figures 1 and 2
illustrate transients for the control gain Gc D [gc1 gc2] and observer
gain Kc D [kc1 kc2]T , respectively.The gainsconverge,respectively,
to the true solutions (within 0.01 squared error) in less than 0.01
and 0.05 s. The steady-state values (corresponding to the true solu-
tions) are found as G c D [0:21 8:40] and Kc D [2:42 0:11]T for
³ D ³n , G c D [0:21 8:83] and Kc D [1:69 0:56]T for ³ D ³1, and
Gc D [0:21 8:0] and Kc D [3:36 0:22]T for ³ D ³2 . The nominal
steady gains assign the regulator eigenvalues to ¡0:4 § i9:87 and
observereigenvaluesto ¡0:96 § i9:88. From the resultswe � nd that
the neural network is capable of � nding the correct solutions very
quickly.De� ectionsfor thecontrolledanduncontrolledbeamsare il-
lustrated in Fig. 3. Because the neuraldynamics respondmuch more
quickly than the controller-plant dynamics, the transient behaviors
of Gc and Kc do not affect explicitly the closed-loop response. It
can also be found that the overall system is robustly stabilized.

Conclusion
This Note presentsan on-linesolutionof a Riccatiequation-based

robust control law for � exible structures.The nature of parallel and
distributed processing renders the proposed neural networks pos-
sessing the computational advantages over traditional sequential
algorithms in real-time applications. In addition, as with most re-
current neural networks, they can be realized with very large-scale
integrationtechnology.Althoughthe approachpresentedonly treats
linear time-invariant plants, it possesses the potential to investigate
adaptivecontrol problems or controlproblemsfor time-varyingsys-
tems.
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Introduction

A NEW formulation of the proportional navigation guidance
(PNG) law using recently developed continuous-time predic-

tive control approach is proposed. With certain assumptions, this
guidance law exhibits similarity with some of the well-known ver-
sions of PNG laws. Simulations are carried out to assess the perfor-
mance of this guidance law in comparison with conventional PNG
against maneuvering targets. The results show that the performance
of the present formulation is quite superior as compared to that of
PNG.

Continuous-Time Predictive Control
The continuous-timepredictive control approach offers an alter-

native strategy for designing controllers for nonlinear systems. In
this approach, � rst introduced by Lu,1 the state or output response
of the nonlinear dynamic system is predicted by appropriateexpan-
sions and a quadratic cost function based on the predicted errors in
the actual response, and the desired response and current control
expenditure is minimized pointwise to obtain an optimal, nonlin-
ear feedback control law. The performance index was modi� ed by
Singh et al.2 for output tracking problems of input–output feedback
linearizable systems, wherein the cost function is based on a func-
tion consisting of predicted errors, as well as their derivatives and
integral. A brief outline of this approach is presented here for the
sake of completeness. The reader is referred to Refs. 1 and 2 for
more complete development.

Consider a single input/single output nonlinear system

Px D f .x/ C g.x/u; y D c.x/ (1)
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assumed to be input–output feedback linearizable,3 where x 2 Rn

is the state vector, y and u are the scalar output and input, f .x/ and
c.x/ are continuously differentiable nonlinear functions, and g.x/
is a continuous function of x.t/.

Suppose the desired output response of the system is given by
a reference trajectory y¤.t/. The desired trajectory is such that it
satis� es the system (1). Let the relative degree of y be ° . Then
differentiating y by ° times yields

y.° / D a.x/ C D.x/u (2)

where y.° / is ° th derivativeof y with respect to time. Now de� ne a
function s as

s e.° ¡ 1/ C k° ¡ 1e.° ¡ 2/ C ¢ ¢ ¢ C k1e C k0xs; Pxs D e (3)

where e.t/ y.t/ ¡ y¤.t/ is the output tracking error and ki > 0
are the gains to be chosen by the designer such that the polynomial

¸° C k° ¡ 1¸
.° ¡ 1/ C ¢ ¢ ¢ C k1¸ C k0 (4)

is Hurwitz. The function s is a linear combination of the tracking
error e, its derivatives,and includes an integral term as well. Differ-
entiating Eq. (3) gives

Ps D y.° / ¡ y¤.° / C z (5)

where z .k° ¡ 1e.° ¡ 1/ C ¢ ¢ ¢ C k1 Pe C k0e/. To obtain the predictive
controller, consider a performance index as

J .u/ D 1
2
fqs2.t C h/ C ru2.t/g (6)

where q > 0 and r ¸ 0 are weightings to be chosen,h > 0 is the pre-
diction horizon,and s.t Ch/ is the predictedvalue of s at the instant
.t C h/. The predicted value of s.t/ at time .t C h/ is obtained by
expandings.t C h/ in a � rst-orderTaylor series, and using Eqs. (2),
(3), and (5) yields

s.t C h/ ¼ s.t/ C h a C z ¡ y¤.° / C Du (7)

By applying the necessary condition for minimization of J with
respect to u, i.e., @ J=@u D 0, a closed-formsolution for the control
command u.t/ is obtained as

u D ¡
h Dq

.r C h2 D2q/
s C h a C z ¡ y¤.° / (8)

To obtainsatisfactorytrackingperformance,it is necessaryto choose
propervalues for thegainski , theweightingsq and r , and the predic-
tion horizon h. In Ref. 2, it has been shown that controller (8) with
r D 0 achieves asymptotic tracking of the desired output trajectory
and also offers robustness in presence of parametric uncertainty.

Formulation of Guidance Law
Consider a two-dimensional engagement geometry as shown in

Fig. 1, where the missile and target are treated as point masses.

Fig. 1 Two-dimensional engagement geometry.


